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A Lattice  Model of the  Thickness-Mode 
Piezoelectric  Transducer 

GORDON HAYWARD AND MERVYN  N. JACKSON 

Abstmct-The development of  a new three-port  model of the thick- 
ness-mode  piezoelectric  transducer,  employing  linear systems theory, is 
presented. A discrete bidirectional  lattice is used to  describe  mechan- 
ical wave propagation  and  continuous  transfer  functions to represent 
the  electrical parameters.  When  presented in  block-diagram  format, 
an extremely  valuable  insight is  gained  into the nature  of piezoelectric 
interaction.  The lattice  concept is  extended  to  the  analysis of multi- 
layered structures  and, when implemented  in  the  discrete  time  domain, 
close  agreement with experimental data is  obtained. A number  of  ex- 
perimental and simulation results  are included  for comparison. 

I.  INTRODUCTION 

C ONVENTIONAL models of the  thickness-mode  pi- 
ezoelectric  transducer invariably utilize  transmission- 

line  analogs in which the  electromechanical  properties of 
the  system are evaluated by means of electrical  network 
concepts.  Examples of this  include the equivalent  circuits 
of  Mason [ l ]  and  the  more recent  KLM [2] model, which 
uses  a  center-tapped  transmission line to model acoustic 
wave propagation. In this form both  models  are  also read- 
ily adapted  for  the  analysis of multilayered  transducer 
structures. 

However, electrical  analogs  possess  some  disadvantages 
which limit  their flexibility when applied  to  piezoelectric 
transducer  modelling [3]. Physical insight  into  the  nature 
of the  transduction  process is often  masked,  and as a 're- 
sult  the influence of external  electrical  and  mechanical load 
conditions on transducer  behaviour is difficult to  deter- 
mine. To overcome  this,  an  alternative  strategy  has  been 
proposed by Hayward [ 3 ]  who adopted a systems  feed- 
back  approach  to model electromechanical  interac- 
tion.  In  this  method,  primary  and  secondary  piezoelec- 
tric  action  are clearly  distinguished  and  moreover, the fac- 
tors  that  influence  their  behavior are readily  identified. 
Furthermore, the  system  transfer  functions  are amenable 
to  direct  implementation in the  time  domain [4]. By mod- 
eling  the  system as a recursive  digital filter, arbitrary 
input functions may be  synthesized with relative ease.  The 
method is also  computationally  efficient. 

However, although  the  feedback  models  provide new 
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and  improved  insight  into  transducer  performance,  the 
method  described in [3] suffers  from  two  inherent  disad- 
vantages.  Firstly,  two  separate models are  derived for 
transmission  and  reception.  In  their  present  formulation it  
is difficult to  obtain a unified general  model of the  trans- 
ducer.  Secondly, the models are unsuitable for the  analysis 
of multilayered transducer  structures.  Since  almost all ul- 
trasonic  probe  assemblies  enter into  this  category,  the 
technique is restricted in use. 

The following  sections  present  the  development of a 
general  three-port  model of the  thickness-mode  trans- 
ducer,  based  on  a  systems  lattice  concept.  While  retaining 
the physical insight afforded by the  previous  feedback 
model,  the  lattice is readily  extended  to  the  analysis  and 
interpretation of multilayered  acoustic  systems. The 
structure is also  amenable to direct implementation in the 
time  domain.  Lattice  techniques  are well established in 
signal  processing  and have been  successfully  applied in 
geophysics for  the  modelling of parallel  layered structures 
[5]. A  brief  description, which is relevant to the  present 
application, is outlined in the  Appendix. 

11. DEVELOPMENT OF T H E  LATTICE  MODEL 
A .  Fundamental f ieory  

Consider  the  layered  system  outlined in Fig. 1 ,  which 
depicts  a  piezoelectric  slab  positioned  between  two semi- 
infinite  nonpiezoelectric  media,  denoted by - 1 and l for 
the  rear  and  front  faces,  respectively. All media are  as- 
sumed  to  be  mechanically lossless,  possessing real me- 
chanical  impedances. Z - , ,  Z,, and Z1 and  velocities U -  ,, 
U,, and u l r  respectively. The  transducer has  a finite thick- 
ness I , ,  and it is assumed  that  electrodes of negligible 
thickness  are positioned  at  the  front  and  rear faces. Elec- 
trical  load  conditions  are  represented by the  arbitrary  and 
lumped  Thevenin  impedance Z,, and  the  configuration is 
driven  via a voltage  source  generator V,. Voltage and  cur- 
rent  quantities  relating  to  the  transducer  are  denoted by V, 
and I , ,  respectively. 

For plane wave propagation in the  thickness  direction, 
expressions  for  particle  displacement  and  force  within  the 
transducer  material  are given by [6] 

- t ,  = &e -.s(r,iu,) + Ah, e + T(.rf/Ll,) ( 1 )  

f f t  ( 2 )  
- r = sZ[-A e - . ~ ( X l ; U l )  + A h t e - T ( . V f ' L ' f ) ]  - hat  

I 

where  the  bar  symbol denotes  Laplace  transform quan- 
tities. 
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Fig. 1. Piezoelectric system. 

The voltage across  the piezoelectric  layer is propor- 
tional to  the  difference in particle  displacement  between 
the  front  and  rear  faces.  This may be  expressed  as [ 6 ] ,  

- 
= -h[(ZJIx,=i, - (ZrIIx, =01 + i%co ( 3 )  

where Q, is the  total charge  on  the  electrodes. 

ity of force  and  displacement) may be  described by 
The  normal  mechanical  boundary  conditions (continu- 

- - 
L I x - ,  = o  = Erlsr=O 

411+,=1, = 511x ,=O 

r - l l x , = o  = r r l x , = O  

- - 

- - 

- - 

r r l x f = l f  = r1I.q =o. (4) 
In an analogous manner  to that  described in the Appen- 

dix, (1)-(4) may be applied  to  yield the following rela- 
tionships  between  the  various  backward-  and  forward- 
traveling wave components and  the  electric  charge: 

( - F - , ( )  + B_,O)/Z-I = ( - F ,  + B,)/Z, 

( - F / / ,  + E,[,)/Z, = (-F1() + Bl0)/ZI 
- 

F-lo + B-10 = F, + B, - h e ,  
- 
F,, + B,, - h a ,  = F, ,  + B , ,  ( 5 )  

and 

where T, is the  transit  time  for  mechanical waves to  cross 
the  piezoelectric  layer. 

Rearranging ( 5 )  yields 

r l 

where R,  = (2, - Z,)/(Z, + 2,) and R-,  = (2, - 2- ,)/ 

These  are reflection  coefficients for waves of force trav- 
elling  into  the  piezoelectric  layer at  the 1, f and - 1, c in- 
terfaces, respectively. 

Equations (6)-(8) describe  the  systems  lattice which is 
outlined in Fig. 2.  Apart  from  the  additional  charge  com- 
ponent,  it is identical  to  the  nonpiezoelectric  lattice  de- 
scribed  in  the  Appendix.  This is expected,  since  mechan- 
ical wave propagation is the  same for piezoelectric  and 
nonpiezoelectric  materials. It is now required  to  obtain  a 
relationship  between  the  source  voltage  and  charge  and 
incorporate  this in an  overall  model. 

( Z ,  + Z-d. 

From  Fig. 1 
- v, = VE - ?,ZE 
- 
Z, = se,. 

- 
(9) 

Substituting (9) into ( 3 )  yields 
- 
Q, = ICJ(1 + ~C,ZE)I[VE + h(Ztlx,=[, - t;tJ,,=o)l. (10) 
Using (1) and  applying  the  mechanical  boundary  condi- 
tions,  the following  relationship  between  applied voltage 
and  charge  on  the  electrodes may be  obtained: 

Q, = [C,/(l + sC,~ , ) ]  [V, + h(1 - e-") (F, + Bf l , ) / sZf ] .  

(1 1 )  

- 

- 

Equations (6 )  and (11) may now be  used to  produce the 
systems  block  diagram  outlined in Fig. 3 ,  where  the  re- 
lationships  between  the  various  electrical  and  mechanical 
quantities may readily be  identified. 

At  this stage, it is interesting  to  note  the  relationship 
between  the  source  voltage  and  the  voltage  across  the 
transducer  electrodes.  It is of considerable  importance,  as 
it  is often used in the  experimental  determination of trans- 
ducer  and  probe  characteristics.  From (9) and (11) 

V, = [sc0ZE/(1 + S C,Z,)I h ( ]  - e-sTr) 
- 

* (F, + B,,,)/SZ, + V,/(l + S c&, (12) 

Equations (7), (8), and (12) are sufficient to  describe  the 
piezoelectric  system of Fig. 1 as a  three-port  network.  The 
three  input  ports are  the  incident  forces  upon  the  piezo- 
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Fig. 2. Acoustic lattice  representation of the piezoelectric system 

1 
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Fig. 3. Electrical section of the piezoelectric layer system 

electric  layer F-,o and B , ,  and  the  electrical  driving volt- 
age V,. Similarly  the  three  output ports  comprise  the 
forces  leaving the piezoelectric  layer F , ,  and B - , ,  and  the 
voltage across  the  electrodes V,.  As a  result,  the  general 
lattice  block  diagram  outlined in Fig. 4 may be  con- 
structed. 

Physical interpretation of the  lattice block diagram may 
be  carried  out in a relatively straight forward fashion. 
However, since  most of the  underlying physical mecha- 
nisms  relating to a block diagram  description of piezo- 
electric  behaviour have been  described  elsewhere [ 3 ] ,  [7], 
only  a  brief  description  is  given here. 

Consider  firstly  the  device  acting  as  a  receiver with a 
wave of force B , ,  incident  on  the  front  face.  With  refer- 
ence  to  Fig. 4, a  portion of the  incident  force  is  reflected 
and  a  portion (1 + R , )  BIo is transmitted  into  the  trans- 
ducer  material,  whereupon it reverberates  back  and  forth, 
as indicated by the  lattice structure. A component of 
charge,  proportional to  the  difference in particle  displace- 
ment  between  the  front  and  rear faces, is also  generated 

via the  blocks hlsZ, and Co/(l + S C , ~ , ) .  The  latter may 
be  regarded  as a charge modification  factor due  to  the ex- 
ternal  electrical  load.  This  charge  component  is respon- 
sible for  the  generation of secondary  forces which propa- 
gate  into  the  transducer  and  surrounding media. The 
secondary  piezoelectric  action is modelled by the  two  pos- 
itive  feedback  loops as indicated  in  Fig. 4. It may also  be 
observed  that  as 2, approaches  zero  (ie  short  circuit con- 
ditions),  the  generated  charge  and  hence the  feedback 
approaches  a  maximum  value. The received  voltage V, is, 
of course,  zero. However, as 2, increases,  this is accom- 
panied by an  increase in received  voltage and a  reduction 
in secondary  action. 

The amount of feedback is also  dependent  on piezo- 
electric  properties  and  mechanical  load  conditions [ 3 ] ,  171 
as  indicated by the  lattice  diagram. 

For the  device  acting as a transmitter of ultrasound, the 
input to the  system is the electrical  exitation  voltage V,. 
The resultant  deposition of charge  generates waves of force 
travelling  into the  transducer  and  surrounding media  at 
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Fig. 4. Systems lattice model of the thickness-mode piezoelectric transducer. 

each  interface.  The net forces  acting at  each  face of the 
device also  generate  secondary  components of charge, via 
the  feedback  voltage  quantity V,. Once  again,  secondary 
piezoelectric  action is represented by a positive feedback 

- -  
p ,  p,, 

section. However in this  case,  the  forward and  feedback 
paths are reversed in comparison to the  piezoelectric  re- 

L 

An  analysis of the  system  outlined in Fig. 4 indicates  that 
ceiver.  That is, the  transmission  forward  path  corresponds 
to the  reception  feedback  path.  Furthermore,  as 2, ap-  Laplace  transfer 

each  coefficient  corresponds  to a  mixed  differential- 
For p33 defines 

proaches  zero,  transmission efficiency increases,  along  a  relationship  between  the  voltage  across  the  piezoelectric 
with the influence secondary  action. However, as 2, layer  and  the excitation  voltage, in the absence of any  ex- 

no transmission  takes  place.  from  the  appropriate  systems  model  and is given by 
Lastly, as in the  case of most block diagram  systems, 

alternative  structures may be  realised by straightforward 
block manipulation.  Such  alternatives  often  enhance phys- = ((1 - R,R-le-2")/(I + sZEc0)  
ical understanding of the  system  behavior  without  undue - 
recourse  to  mathematical complexity [3], [g]. - ~ ( 1  - e-sT) [(l + R,)  (1 - R-,e-"') 

approaches infinity,  the  forward  path  becomes  zero  and ternal force This may be Obtained 

- -  vjv, = P33 

B.  Mathematical  Implementation + (1 + R-,)  (1 - R , ~ - " ) I ) / F ,  
It is convenient to  express the  transducer  system  as  a  where 

mathematical  transfer  function of the  form - 

U = h2C0/[2SZ,( l + SC,Z,)] l;lo] = [ P ]  . - pD = ((1 - RIR-le-2") - U(1 - e-"') 
* [(l + R,) (1 - R- ,ePST)  

Where P is  a 3 X 3 system  matrix  given by + (1 + R- , )  (1 - R , ~ - " ~ ) I )  
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and T is the  transducer  transit  time  (the suffix t has  been or 
dropped for  convenience). 

erated in a  similar  manner.  That  is 
The  remainder of the P matrix coefficients may be  gen- [“;.l)O] = F?] P , ,  = {(R, - R-,e-2sT) + U(1 - e-’*) [(e-’T - 1) PO] (23j 

* (1 + R,R- , )  + 2 ( ~ - , e - ’ *  - R ~ ) ] ) / F ~  where K, , / i  is the  transmission  matrix for the i :  i + 1 
interface.  It is now possible to reduce  a  multilayered 

B(i + 1)0 Bi o 

- 
P , ,  = ((1 - R,) (1 + R,)  e-” + U(1 - e-s*) structure via  the  transmission  matrices.  That is 

= G(1 - e-’*) (R, - l> ( 1  - R-,e-”)/FD 1 n n - l  2 1  
(1 + e-sT) (R, - 1) (R- ,  + l))/FD 

- - - - -  
T ~ + I  Tn+, Tn T3 T2 -- - . - . . . - . _  - - (24) 

- 
P,,  = ((1 - R-,)  (1 + R-,)  e-sT + U(1 - e-s7) where T,, + 1/1 relates  the  force  components F(n + 

(1 + e-sT) (R- ,  - 1) (R, + l)}/FD B,, + to Flo,  Blo. This may be  formally  expressed as 

111. THE  ANALYSIS OF MULTILAYERED  TRANSDUCER 
SYSTEMS 

A .  The Multilayered  Acoustic  Lattice 
The theory  outlined in this  section is similar  to that  pro- 

posed in [ 5 ]  to  obtain  the  spectral  function of a  layered 
system. However, in the  present  context it is modified  to 
incorporate  the  piezoelectric  lattice  model.  Consider  the 
multilayered structure  outlined in Fig. 5. The relation- 
ships  between  the  force  components  at  the i and (i + 1 )  
layers may be  expressed  as follows: 

[ I ‘ + l ) O l =  ;[ (1  + y )  (1 - y )  ] - F;,, (20) 

B,; + 1)0 (1 - y)  ( l  + 2) [ E ; ]  

E;] = [:*l [;,:l 

- 
U,, = -T2,/T22 

U,, = UT2,. 
- 

In an analogous  manner  to  the  single  layer case,  the force 
components F,,, and B,, + I )o  are now considered as the  in- 
puts to the  layered  system. consequently, a  general  mul- 
tilayered structure may be reduced to the relatively 
straightforward  acoustic  lattice  system  as  outlined in Fig. 
6. 

It  should be noted  that  the Vu and T j  matrices  possess 
interesting  properties, which serve to  reduce  the  amount 
of calculation  required in their  evaluation. For example, 
consider  the first term of the Uii matrix 

- _ _  _ _  
U11 = (TIIT22 - T2lT12YT22. 

It may be  shown by induction  that  this  reduces  to 
- 
UI I = KIT22 (27) 

where K is a  scaler  constant  and  given by 
where Ti = l i /ui  is the  transit  time for mechanical waves 
to  cross  the  ith layer. K = Z,, + I/Zn. (28) 

That  is, K represents  the  ratio of acoustic  impedances of 
the ( n  + 1)-th layer to  the  first layer. 

In addition,  the  polynomial  pairs, TII ,  T22 and TI2, T2] 
are reverse  polynomials [ 5 ] .  That is 

Combining (20) and (21) yields 

- T, ,  = tle-SDI + t2e-Sh + . . . + tne.‘Dn 

(22) 
- 
T22 = t , ,FSDn + * * + t2e‘& + tleSD’ (29) 
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W U 
Fig. 6. Acoustic  lattice  representation of a multilayered  system. 

where  the c terms  are  scalar coefficients  and  the D terms 
correspond  to  delays  arising  from  the  layer  propagation 
times.  This  condition  is  extremely useful in reducing the 
degree of calculation  required to  generate  each U, trans- 
fer  function,  since only one of each polynomial  pair is 
required. 

B. The Multilayered  Transducer  Model 
Consider  the  multilayered  transducer  system  outlined in 

Fig. 7, where  all  quantities  are  as  previously  defined.  This 
structure may be  represented by the block diagram lattice 
network  shown in Fig. 8. In  the  diagram  subscripts F and 
B are used in the U, matrix  sections  to  distinguish  be- 
tween  front  and back-face  layers.  In  addition,  the positive- 
negative  subscript  notation  has  been  extended  to  the lay- 
ers, such  that  layers  with  a  positive  subscript are assumed 
to  be  at  the  front  face. 

A matrix  equation  describing  this  system may be  de- 
rived  from (13) and  the following two  expressions 

LAYER n 

v- ' x n  In 
- 

X"+l 

V n 

" E 

Fig. 7. The multilayered  transducer  system. 

Solving (13), (30), and (31) gives 

where W, is  a 3 X 3 matrix whose  elements  are  given by 
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Fig. 8. Systems lattice  representation of the multilayered  transducer. 

__ 
= I P 3 2 u 2 2 ( l  - u 2 I p l l )  + p 3 2 ~ 2 1 p 1 2 u ~ 2 } / w D  

= {p33 + u21(p31p13 - pllp33) + ufl(F23p32 

- - B  - F  - - - F -  - 

- - F  - - - -  

- p22p33) -k u21u21(p31(~12p23 - p13p22) 

+ p32(p21p13 - p23p,l) 

+ p33(FllF22 - p12p21))}/wD (33) 

- F - B  - 

and 
__ 

= (1 - u;lpll) ( l  - u 2 1 p 2 2 )  - ~ 2 1 ~ 2 1 p 1 2 ~ 2 1 ~  
- B  - - F  - B  - 

(34) 
I The multilayered  transducer  system has  thus  been re- 
duced to a  three-port  network  as  described by (32),  (33) 
and (34). However, although  the w~ transfer  functions  de- 
scribe  a  general  system, in  many  practical  instances the 
complex expressions may be  considerably  reduced.  For ex- 
ample the input at  the  rear  acoustic port (F-(m - I )o) ,  is 
often  zero  and  the  rear  acoustic  output (B- (m + l)o) is sel- 
dom  required.  Furthermore, when in the  transmission 
mode,  the  front  face input  force ( B ,  + I )o )  is generally  zero 
and in reception  the  electrical  excitation  voltage V,  is usu- 
ally zero while  the  front  face  output  force (F(n + I ) o )  is not 
required.  Consequently, only three elements of the  de- 

W31,  and w33, corresponding  to  the  transmission, recep- 
tion,  and  voltage  transfer  functions, respectively. 

- scribing  matrix are of general  practical  importance, W 1 3 ,  

IV. A COMPARISON OF SIMULATION A N D  

EXPERIMENTAL RESULTS 

The  transfer  functions  describing the  multilayered 
transducer  system may be  implemented readily in the  fre- 
quency  domain. However, for  many  applications,  interest 
is centered  on  the  time  domain  and  hence a  suitable trans- 
formation is required. It has  been  shown [4] that  the  sys- 
tem  transfer  functions for a  single-layer  transducer  config- 
uration may be  implemented  directly in the  time  domain 
when  expressed in mixed  differential-delay  format. The 
system is then  modelled as a  recursive  digital  filter using 
z-transform  techniques.  This method  possesses  significant 

advantages for the modeling of piezoelectric systems,  par- 
ticularly if the  input  function is not  explicitly  known in the 
frequency  domain.  Furthermore,  the delay mechanisms 
inherent in the  z-domain  approach  render  the  method  par- 
ticularly  attractive  for  the  analysis of multilayered struc- 
tures.  This  has  been  demonstrated by Robinson [ 5 ]  for the 
analysis of layered  media in seismic  data  processing.  Con- 
sequently,  the  present  simulation  results  were  obtained by 
realizing  each  multilayered  transfer  function in mixed 
differential-delay  format  and  then  performing  direct  time 
implementation  using  the  methods  discussed in [4]. 

The  experimental layout was similar  to  that  described 
in [4]. All pressure wave profiles were  measured in a  water 
tank, with  the  propagating  medium  assumed  ideal. A 
polyvinylidene (PVDF)  bilaminar  membrane  hydrophone 
[9] was employed to  detect  the  axial  transmitted wave pro- 
file and  the  results  displayed  on  a  storage  oscilloscope. In 
each  case  the  transmitting device was excited by a 30  ns, 
switching  MOSFET (IRF 830)  via  a 2 nF blocking  capac- 
itor. A pulse-shaping  resistor of 100 Q was connected in 
parallel  with the  transducer. 

Fig. 9 shows  the  experimental  and  theoretical  responses 
for  a l-MHz (electrical  resonance) 20-mm-diameter  PZT- 
5A disc  mounted  on a  lead-backing block and  with  a  front- 
face  aluminium layer of 2.45 mm.  Measured  bond  lines of 
10-pm  thickness  coupled  the  ceramic to  the  aluminium  and 
lead materials.  The  electrodes were  removed  from  each 
face of the  ceramic  and all surfaces  carefully  lapped  and 
polished  before  mounting  with  silver-loaded araldite. 
Standard  values  were  assumed  for  the velocity and  density 
of all materials.  The  results of Fig. 9 show  excellent 
agreement,  especially when  considering possible mechan- 
ical  variations in the  materials employed. 

As another  example,  Fig. 10 shows  the  force wave pro- 
file for  a l-MHz  30-mm-diameter PZT-SA disc  coupled  to 
a lead block via  a  measured  10-pm  bond  line.  Experimen- 
tal  and  simulation  results  again  show  excellent  agreement. 
Fig. 11 outlines  the  response of the  same  transducer, but 
with  a  0.37-mm  steel  layer  coupled  to  the  front  face via a 
10+m bond line. Fig. 12 shows  the  transmit-receive  re- 
sponse  for  two  different  transducers.  The  transmitting  de- 
vice was a l-MHz epoxy-backed PZT-SA probe  radiating 
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Fig. 9. Force  response of  20-mm transducer  (aluminum front layer).  (a) 
Simulated. (h) Experimental. 
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Fig. I I .  Force response o f  30-mm transducer  (steel front layer). (a)  S i n -  
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Fig. 12. Transmit-receive  response. (a) Simulated. (h) Experimental. 
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directly  into  water at  the  front  face [3]. The  steel layered 
transducer in the  previous  example was employed as  the 
receiver. A resistive load of 100 Q was connected  directly 
across  the  receiving  element.  Once  again  the  experimental 
and  theoretical  results  are in close agreement, verifying 
the  accuracy of the  modelling techniques. 

V. CONCLUSION 
A  general  three-port  model  describing  the lossless thick- 

ness-mode  piezoelectric  transducer  has  been  presented. 
The model  lends itself to computer  implementation, while 
retaining  the physically satisfying  concepts  inherent in the 
systems  feedback  approach.  Mechanical wave interaction 
is readily  described using an  acoustic  lattice  and  the  influ- 
ence of electrical,  mechanical,  and  piezoelectric  variables 
on both  primary  and  secondary  piezoelectric  action is fully 
illustrated.  The  techniques  are  also suitable for the  anal- 
ysis of multilayered  transducer  assemblies,  particularly for 
direct implementation in the  time  domain. 

This  is not only  computationally  efficient, but reduces 
some of the difficulties  associated  with other  transforma- 
tion  methods  used in piezoelectric transducer  modelling. 
Using this method,  the influence of layer  thickness, bond 
lines  and  mechanical  matching  schemes may readily  be 
observed.  The model is currently  being  applied  to  the  as- 
sessment of bondline  integrity,  layer  thickness  measure- 
ment,  and the  calibration of transducer  parameters.  This 
will be reported  at  a  later  date. 

VI. NOMENCLATURE 
List of Symbols 

Laplace complex variable 
defined coordinate  system for the nth layer 
thickness of the  nth  layer 
longitudinal wave velocity in the  nth  layer 
transit  time  for  the  nth  layer 
particle  displacement in the  nth  layer 
stress in  the  nth  layer 
forward  and  backward  force  components in the 

mechanical  impedance  of  the  nth  layer 
excitation  voltage 
voltage across the transducer  electrodes 
charge  on the transducer  electrodes 
Thevenin  equivalent  impedance of the  electrical 

static  capacitance of the  transducer 
piezoelectric charge  constant. 

nth  layer 

load 

APPENDIX 
THE ACOUSTIC  LATTICE 

Consider  the  single-layer  structure shown in Fig. 13, in 
which medium 2 is positioned  between  media 1 and 3. All 
media  are  assumed lossless  and  semi-infinite in extent, 
except  for  medium 2, which possesses  finite  thickness ( l2)  
in the  x-direction. For plane wave propagation,  the  equa- 
tions  for  particle  displacement  and  force in the nth medium 

' 3  

Fig. 13. Single-layer structure. 

are given by the  following  Laplace  relationships 
- 

t n  2f.l e-  v(x,,iu,d + 2 ,.s(.r,~u,,, 
bn (Al l  

n . n  fn bn " (A2) 
- = Fz [-l e-.s(stJutd + 1 

Defining  the  force  components  at position x,, to  be 
- 
F, = -sZnAf ,  

B, = sZ,,Bj,. 
- - 

Equations ( A l )  and (A2) may now be  expressed as 
- 

E n  = 

r = F e- .~( . r rJ~~t~)  + B e ~ ( . ~ ~ d ~ t r )  

e -5 ( . X , , / L h , )  + B & ( S  / , " " " ' ] / S Z , ,  (A31 
- 

n ,l I1 (A41 
Furthermore, the  forward  and  backward  force  compo- 

nents  inside  the  nth  layer may be  defined  at  the  layer 
boundaries as follows: 

- F = F e - S ( X n ! U h )  
nO n 1s,1 = 0 

nO ,l l .S,# = 0 

- B = B ( r t r :Ua)  

- F = F e-S(XrdU,8) 
n h  n l S,, = l,, 

- B,*/" = B e s ( r , # i I h )  
n I x. = /,c (A51 

Wave propagation  through  medium 2 in Fig. 13 is thus 
given by the  following  matrix  relationship. 

where T2 = 12/u2 is the  transit  time for mechanical waves 
to propagate  across  the  medium. 

The  system  boundary  conditions, namely  continuity of 
particle  displacement  and  continuity of force  at  any  inter- 
face may now be  solved by the  application of (A3)-(A6). 
This yields  the  following  set of relationships for the  system 
outlined in Fig. 13. 

(-& + B, , ) /Z ,  = ( -Fzo + B20)/& 
( - G ?  + B2/:)/22 = ( - G o  + B,,)/Z, 
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or 

where 
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1/2 LAYER INTERFACE MEDIUtI 2 2/J LrlYEA INTER1 ACE 

I I 

I 

I 
I 

Fig. 14. Systems  lattice. 

R , ,  is  thus  the  reflection  coefficient for waves of force 
travelling  from  medium 1 into  medium 2 and R23 is  the 
corresponding  reflection  coefficient for waves travelling 
from  medium 2 to medium 3. Equation (A7) thus  de- 
scribes  the waves of forces  leaving the l : 2 and 2 : 3 inter- 
faces, in terms of the  incident  force  components.  This may 
be expressed  in block diagram  format, by the  systems  lat- 
tice  outlined  in Fig. 14. 

A comparison of Fig. 13 and 14 reveals  that  the  lattice 
not  only  resembles  the  original  layered  system but it also 
contains  the  mathematical  information which relates  the 
various  parameters  within  that  system.  An  alternative  de- 
velopment  could  easily have involved particle  displace- 
ment or a  mixture of particle  displacement  and  force. The 
acoustic  lattice  model  thus  provides  a  clear  picture of the 
relationships  between  the  variables in a  layered  system. 
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