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Determination of Lamb Wave Dispersion Data
in Lossy Anisotropic Plates Using Time
Domain Finite Element Analysis. Part I:
Theory and Experimental Verification

Gordon Hayward, Senior Member, IEEE, and Jamie Hyslop

Abstract—A theoretical and experimental approach for
extraction of guided wave dispersion data in plate struc-
tures is described. Finite element modeling is used to cal-
culate the surface displacement data (in-plane and out-of-
plane) when the plate is subject to either symmetrical or
antisymmetrical impulsive force stimulation at one or both
of the parallel faces. Fourier transformation of the resul-
tant space-time displacement histories is then employed to
obtain phase velocity as a function of frequency. Experimen-
tal verification in the case of antisymmetrical stimulation is
provided by means of a high-power Q-switched laser source
that is used to excite guided waves in the plate. The sub-
sequent out-of-plane displacement data were then obtained
by means of a scanning laser vibrometer, and good agree-
ment between theory and experiment is demonstrated. Ex-
amples of dispersion data are provided for aluminum, and
excellent correlation between the data sets and conventional
Rayleigh-Lamb theory for plate structures was obtained.
This was then extended to lossy polymeric plates, in ad-
dition to both unpolarized and polarized piezoelectric ce-
ramic plates, again with good agreement between the fi-
nite element modeling and optical experiments. The last
set of results prepares the way for a detailed investigation
of the nonhomogeneous piezoelectric composite waveguides
described in a companion paper (Part II).

I. Introduction

The investigation of ultrasonic Lamb wave propaga-
tion within a guided structure has been employed

extensively in many engineering applications. Examples
include ultrasonic delay lines and nondestructive evalu-
ation, where changes in guided wave characteristics are
used to determine material integrity. The original formu-
lation of the dispersion properties for a lossless isotropic
two-dimensional (2-D) plate waveguide was provided by
Lord Rayleigh and is described more recently by Victorov
[1]. The resultant Rayleigh equations constitute the start-
ing point for most investigations and permit analysis of
phase velocity as a function of frequency and plate thick-
ness. They are summarized in (1), where c1 and c2 are the
respective longitudinal and shear wave velocities, respec-
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tively, and d is the half-thickness of the plate. The positive
and negative roots relate to symmetric and antisymmetric
Lamb wave modes respectively.
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These expressions are valid only for the case of a sin-
gle uniform isotropic plate and where the influence of me-
chanical wave absorption and scattering may be neglected.
Although the more practical extension to parallel multi-
layered waveguides has been accomplished and coded for
engineering design by Pavlakovic et al. [2], a general solu-
tion for the dispersion characteristics for lossy multiphase
plates has yet to be achieved.

Relatively little published data are available for the dis-
persion behavior of heterogeneous and lossy piezoelectric
plate systems. Interesting work has been performed by
Oakley [3] and Certon et al. [4], [5] on piezoelectric com-
posite plates, but with limited experimental verification.
Indeed, as indicated by these authors, accurate measure-
ment of dispersion data is difficult, due to electrical and
mechanical interference arising from placement of the mea-
surement probes. More recently, a plane-wave expansion
approach was used by Wilm et al. [6] to create theoretical
dispersion data for simple quartz and periodic composite
plates. However, the critical influence of mechanical wave
loss in the constituent materials was not addressed in any
detail.

This paper describes a numerical technique for the ex-
traction of such dispersion data, based on time domain
finite element (FE) analysis using the commercially avail-
able PZFlex software program (Weidlinger Associates, Los
Altos, CA). The methodology is sufficiently general that it
may be applied to any guided structure, provided that suf-
ficient computer memory is available to satisfy the meshing
and boundary constraints and that appropriate materials
data can be obtained. A driving force is the design of ultra-
sonic array transducers, whereby the active component is
a monolithic plate of piezoelectric material that may ad-
ditionally comprise one or more passive nonpiezoelectric
phases. An investigation of Lamb wave propagation in a
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range of plate structures is described. The work is split
into two parts with the first, relating to the present pa-
per, describing the underlying theory, implementation of
the finite element models, and details of a comprehensive
set of experiments employing noncontact optical meth-
ods. Results are shown first for quantified homogeneous
plate materials, serving to verify the underlying method-
ology. These are then extended to embrace non-isotropic
piezoelectric ceramic plates and lossy isotropic polymeric
materials typical of those encountered in composite array
structures. In addition to validating the underlying con-
cepts, this approach serves to highlight some of the poten-
tial problems that are inherent in the wideband generation
and detection of different Lamb modes. It also greatly fa-
cilitates interpretation of the more complex behavior dis-
cussed in a companion paper [7], which focuses on 2-2 and
1-3 piezoelectric composite materials, with careful evalu-
ation of the dispersion behavior as a function of the con-
stituent material properties.

II. Theory and Experimental Procedures

A. Theory

The FE software program PZFlex was used for predic-
tion of the surface displacement characteristics of differ-
ent active transducer configurations. It is an explicit time
domain code and hence is amenable to wideband time-
dependent analysis of piezoelectric systems. Importantly,
it is capable of simulating both longitudinal and shear
wave loss in multiphase propagation media. For theoreti-
cal analysis of dispersion in different piezoelectric plates, a
wideband mechanical stimulus was applied to the surface
of the plate system under investigation in the form of a
pseudo delta function that may be incident normally or
tangentially to the surface. If sufficiently broadband with
respect to both space and time, the stimulus will generate
all of the Lamb modes that the particular layered system
can support. The resultant surface displacement is then
computed as a function of distance and time along the
plate surface and, again, both in-plane and out-of-plane
motion may be obtained. The general method is illustrated
in Fig. 1. The resultant time histories are stored in a 2-
D space-time array from which the Lamb modes may be
identified via a 2-D Fourier transform (FT), according to
the procedures described by Alleyne and Cawley [8]:

H(k, f) =

+∞∫
−∞

+∞∫
−∞

u(x, t)e−i(kx+ωt)dx dt. (2)

The 2-D decomposition of the temporal and spatial data
sets is represented by (2), where u denotes the displace-
ment at the material surface, ω is the angular frequency
(2πf), k is the wave number (ω/c), and c is the Lamb
mode phase velocity.

The first FT is performed on every monitored node
in the FE model and transposes each time history from

Fig. 1. The generation of Lamb wave modes in a plate. An impulsive
pressure source is applied to the surface and the resultant displace-
ment time histories are monitored at different locations along the
surface.

the time to the frequency domain. The second FT is ap-
plied to the transformed spatial data set and converts the
frequency-space data set to the frequency-wave number (k)
domain. The plate thickness is accommodated by plotting
wave number against a frequency-thickness product (FTP)
scale. Alternatively, the dispersion curves can be repre-
sented using the more conventional relationship of Lamb
wave phase velocity versus FTP.

For the later work described in [7], an actual array el-
ement (of variable dimensions) may be considered as the
source at different operating frequencies. In a similar man-
ner to before, the resultant surface displacements are com-
puted across the entire array aperture and, when required,
the beam profiles may be calculated in the correspond-
ing load medium. Clearly, the number of potential Lamb
modes will be reduced, since the source is now restricted
in frequency and has a finite spatial aperture. However,
the output will represent the actual modes that may be
supported under typical array driving conditions and will
provide a direct display of the consequences with regard
to surface displacement and the resultant beam character-
istics.

B. Experiment

The method illustrated in Fig. 1 for generating and de-
tecting Lamb wave modes was also approximated exper-
imentally. Due to the difficulty of placing sensors on the
transducer surface (they may introduce additional cross-
coupling and distort guided-wave propagation), a remote
approach was adopted for both generation and detection.
To obtain the dispersion data, a wideband source is re-
quired and a high-power Q-switched Nd-YAG laser was
employed to generate the required spectrum under noncon-
tact conditions. The laser system delivered a 300-mJ pulse
of width 5 ns. The resultant thermal expansion causes
stress waves to propagate into the material, providing a
close approximation to the desired stimulation function,
as described by White [9]. A cylindrical lens was used to
focus the laser beam to a line source of length 5 mm and
width 5 µm in the direction of propagation. The excita-
tion source may therefore be considered both spatially and
temporally wideband in the direction of sampling.
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Fig. 2. The experimental configuration. A wideband laser source is
used to excite the plate surface and the subsequent particle displace-
ments are measured via an interferometer.

The surface displacements were measured using a scan-
ning laser interferometer. This system incorporates a
helium-neon laser, with a wavelength of 633 nm and a
spot size of 15 microns when focused. A heterodyne-type
interferometer (Polytec) was used to resolve out-of-plane
displacements down to 2.5 Å under ideal conditions and,
with only 2% of transmitted light returned, the system is
still capable of resolving displacements as small as 2 nm.
It should be noted that it was found beneficial to evap-
orate a silver coating on poorly reflecting surfaces. The
system has an operating bandwidth of 25 kHz to 20 MHz,
adequately covering the frequency range of interest. The
interferometer was then used to obtain the time histories
along the plate surface and the dispersion characteristics
derived as described in the previous section. The experi-
mental configuration is illustrated in Fig. 2.

It should be noted that the detection equipment em-
ployed for these experiments was capable of measuring
only the normal, or out-of-plane, displacement component.
However, it was anticipated that good agreement between
theory and experiment for that component would permit
the theoretical data for in-plane motion to be extrapo-
lated with confidence. This is an important feature of the
work, since the laser generation and detection experiments
are time consuming, particularly in the case of poorly re-
flective, optically absorbent materials. Given good agree-
ment between theory and experiment for a limited range of
samples, the FE codes may be used to predict dispersion
data across a range of material properties. It should be
noted also that the theoretical and experimental sources
are antisymmetric with respect to the plate centerline and
will preferentially enhance the antisymmetric Lamb wave
modes when compared with their symmetric counterparts.

For later work, it was also necessary to measure the
surface displacements induced by representative array ele-
ments. Using vacuum deposition, array elements were fab-
ricated on some piezoelectric plates, with the central el-
ement being used as a representative source. Surface dis-
placement data was obtained in air and water as a function
of element dimensions, transducer material, operating fre-
quency, and position. The resultant beam profile may be
measured directly, via a scanning hydrophone, or extrap-
olated from the measured surface displacement data, as
described by Benny et al. [10].

Fig. 3. Lamb wave dispersion in aluminum plate: PZFlex FE data
(open squares), experimental data (solid squares), Rayleigh-Lamb
solution for the symmetric modes (dashed line), and Rayleigh-Lamb
solution for the antisymmetric modes (solid line).

III. Investigation of Homogeneous Plate

Configurations

To confirm the validity of both the theoretical FE
and the experimental methods, the Lamb wave dispersion
curves for plates of known isotropic and homogeneous ma-
terials were first investigated. The results obtained using
the 2-D FT method were also compared to those calculated
using the conventional method of solving for the number
of real roots of the Rayleigh-Lamb formula [1], [2] as de-
scribed by (1), which is valid for isotropic homogeneous
and lossless plate materials. In practice, the Disperse soft-
ware program was used to calculate the dispersion data [2].

A. Aluminum

An aluminum plate of thickness 1.1 mm, length 150 mm,
and width 100 mm was examined. The spatial sampling be-
tween monitored nodes was set to 0.16 mm in both the FE
and the experimental investigations. Fig. 3 shows the dis-
persion curves generated from the 2-D FT decomposition
of the time histories. Also shown in Fig. 3 are the disper-
sion curves generated using the Rayleigh-Lamb equation.
Excellent agreement is achieved between the experimental,
FE, and Rayleigh-Lamb solutions. The fundamental, first-
order, and second-order symmetrical and antisymmetrical
Lamb mode dispersion curves are predicted accurately and
measured up to an FTP of 7 MHz-mm. The Rayleigh-
Lamb equation assumes all possible modes are generated
equally, and takes no account of attenuation in the plate.
Due to the finite spatial and temporal bandwidth of the
FE and experimental methods and the attenuation in alu-
minum (assumed to be 3.5 dB/m at 10 MHz), the higher-
order modes above approximately 7 MHz-mm couple rel-
atively poorly into the plate. For these reasons, the third-
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TABLE I
Acoustic Properties of HY1300/CY1301 and HY956/CY208

at 1.0 MHz.

HY1300/CY 1301 HY956/CY208

Vl (m/s) 2482.7 1989.2
Vs (m/s) 1164.7 762
ρ (kg/m3) 1149 1165
ν 0.3589 0.414
E (Gpa) 4.24 1.91
Z (MRayl) 2.85 2.32
B (Gpa) 5.00 3.71
G (Gpa) 1.56 0.676

order Lamb wave modes predicted by the 2-D FT method
are shown to diverge from those predicted by the Rayleigh-
Lamb solution. The s3 mode, with its weak out of plane
component, has not been resolved by the experiment.

B. Polymer Resin

Some of the constituent materials in a typical piezoelec-
tric composite transducer were next examined. The first
material was a hard-setting two-part epoxy resin, Ciba
type CY1301/HY1300 (Cold Curing Araldite Resin Sys-
tems, Huntsman, Ltd., Cambridge, UK). The relevant ma-
terial properties were measured using a standard ultra-
sonic through transmission method described by Kelly et
al. [11] and Parr et al. [12], and are summarized in Table I,
where all symbols have their usual meaning. Using these
velocity values, the Rayleigh-Lamb equation was solved
and the dispersion curves plotted against those generated
using the 2-D FT method. The results are shown in Fig. 4.

This illustrates the influence of attenuation on Lamb
wave propagation. The Rayleigh-Lamb formulae assume
the material to be lossless and predict propagation to FTP
values approaching infinity. However, viscoelastic materi-
als of this type are known to exhibit significant frequency-
dependent attenuation. The longitudinal and shear loss
characteristics of the material were measured using a vari-
able frequency through transmission method as described
in [11], [12], and are shown in Fig. 5. No attempt was made
to curve fit to these raw data. Instead, the attenuation val-
ues at different frequencies were mapped onto the Maxwell
equations for viscoelastic attenuation, as employed within
the PZFlex code [13].

The results shown in Fig. 4 are significant. There is
good agreement between theory and experiment, along
with a clear indication that significant Lamb wave prop-
agation will occur only over a restricted frequency range.
Interestingly the first-order symmetrical mode is not pre-
dicted by either experimental measurement or FE model-
ing. This is due to the measurement system being sensitive
to only out-of-plane displacement, while only the out-of-
plane data were recorded from the FE code. Symmetrical
Lamb wave modes are characterized by primarily in-plane
motion, with the proportion of energy coupled into the out-
of-plane direction dependent on the mode number. Fig. 4

Fig. 4. Lamb wave dispersion in hard-setting polymer resin: PZFlex
FE data (open squares), experimental data (solid squares), Rayleigh-
Lamb solution for the symmetric modes (dashed line), and Rayleigh-
Lamb solution for the antisymmetric modes (solid line).

Fig. 5. Attenuation in “hard setting” and “soft setting” polymer:
hard setting polymer bulk attenuation (diamonds) and shear attenu-
ation (squares), and soft setting polymer bulk attenuation (triangles)
and shear attenuation (crosses).

illustrates that the s1 mode couples relatively little energy
into the out-of-plane direction; however, the s2 mode cou-
ples sufficient energy to allow that mode to be resolved up
to an FTP of approximately 1.7 MHz-mm.

Additional “softer-setting” polymeric materials were
also investigated. Fig. 5 also shows the loss characteristics
for another material used in Part II [7]. The soft-setting
polymer resin (Ciba CY208/HY956) demonstrates signif-
icantly higher shear attenuation characteristics than the
hard-set resin described previously. The high shear loss
rapidly attenuates any wave as it propagates from the
source. Indeed, it was not possible to detect the plate
surface displacement and hence resolve Lamb wave mode
propagation, or plot the dispersion characteristics. This is
significant and, as will be shown later, such materials may
be used to inhibit Lamb wave propagation in piezoelectric
composite plate arrays.
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Fig. 6. Lamb wave propagation in unpolarized PZT-5H; PZFlex FE
data (open squares), experimental data (solid squares), Rayleigh-
Lamb solution for the symmetric modes (dashed line), and Rayleigh-
Lamb solution for the antisymmetric modes (solid line).

C. Piezoelectric Ceramic

Plates of unpolarized and polarized piezoceramic mate-
rial (PZT-5H) were also investigated. In the unpolarized
state, the material may be considered non-piezoelectric
and isotropic, with measured longitudinal and shear ve-
locities of 4118 ms−1 and 1751 ms−1, respectively. The
numerical Rayleigh-Lamb solution was again compared to
that of the 2-D FT decomposition. The predicted Lamb
wave dispersion curves are shown in Fig. 6.

Generally, good agreement is achieved between the vari-
ous dispersion curves. However, attenuation in the ceramic
material, specified in the FE model as having bulk and
shear attenuation figures of 100 dBm−1 and 250 dBm−1 at
1 MHz, prohibits the measurement of dispersion above an
FTP value of approximately 3 MHz-mm. The close agree-
ment between experimental and FE data reveals the the-
oretical approximation of the damping mechanisms to be
reasonably accurate. The s1 and s2 modes are identified
experimentally but not using the PZFlex data, indicating
that the longitudinal attenuation figures employed may be
slightly high for the sample in question.

A similar plate of polarized PZT-5H ceramic was next
investigated. The dipoles in the material are now aligned
with a specific orientation and the material is anisotropic,
with the direction of polarization being across the plate
thickness. Fig. 7 illustrates the dispersion characteristics
generated using the same procedures described previously.

Limitations in the Rayleigh-Lamb solution, when con-
sidering anisotropic materials, are evident from Fig. 7.
Both the experimental and FE data identify the first two
symmetrical and antisymmetrical modes. However, at an
FTP above 2 MHz-mm the modes approach a Rayleigh ve-
locity of 2000 ms−1, approximately 400 ms−1 faster than
that predicted by the Rayleigh-Lamb solution. This differ-

Fig. 7. Lamb wave propagation in polarized PZT-5H; PZFlex FE
data (open squares), experimental data (solid squares), Rayleigh-
Lamb solution for the symmetric modes (dashed line), and Rayleigh-
Lamb solution for the antisymmetric modes (solid line).

ence can be attributed to the effect of poling the ceramic,
which stiffens the material and increases the compressional
and shear velocities. Of course, closer agreement would
have been obtained if the appropriate stiffened material
constants had been used in the Rayleigh-Lamb equations.
Attenuation models and values identical to those used for
the unpolarized ceramic were again employed in the FE
code, with good agreement between theory and experi-
ment. Interestingly, the s2 mode was not predicted in the
piezoelectric ceramic. This indicates that either the mode
is only weakly supported in the plate, or insufficient en-
ergy is coupled from the primarily in-plane displacement
associated with this mode to the out-of-plane direction to
make detection possible.

IV. Conclusions

This study has demonstrated the feasibility of using a fi-
nite element method for identification of Lamb wave mode
propagation and dispersion in lossy non-isotropic plates.
Validation of the approach has been achieved through cor-
relation with optically measured responses and with ref-
erence to the Rayleigh-Lamb solution. The limitations of
the latter, when examining high-loss or anisotropic mate-
rials, have also been illustrated. Furthermore, the effect of
attenuation on Lamb wave propagation and the require-
ment to accurately represent the loss mechanisms in the
FE model have been highlighted. With confidence in the
methodology, it is now appropriate to consider more com-
plex materials and structures. In Part II [7], the work is
extended to dual-phase piezoelectric composite transducer
materials which incorporate both the passive polymer and
the active ceramic components examined previously. The
resultant dispersion data are then used to evaluate cross
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coupling in monolithic piezoelectric composite arrays, in-
corporating different types of passive filler material.
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