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Determination of Lamb Wave Dispersion Data
in Lossy Anisotropic Plates Using Time

Domain Finite Element Analysis. Part II:
Application to 2-2 and 1-3 Piezoelectric

Composite Transducer Arrays
Gordon Hayward, Senior Member, IEEE, and Jamie Hyslop

Abstract—The use of finite element modeling, com-
bined with optical generation and detection of Lamb waves
in plate structures, was extended to encompass periodic
ceramic-polymer materials typical of those encountered in
1-3 and 2-2 piezoelectric composite array transducers. The
resultant dispersion data was employed to predict the oc-
currence of Lamb wave-induced cross talk in composite
monolithic arrays. The finite element modeling method was
then used to simulate the dispersion behavior of two array
structures that were subsequently manufactured: a 1-D 45%
volume fraction linear array coupon and a 2-D 35% volume
fraction array coupon. Excellent agreement between theory
and experiment was obtained using impedance measure-
ments and laser scans of the surface displacement profile at
selected frequencies. Regions of strong inter-element cross-
coupling were identified and these are shown to correlate
very well with the dispersion data obtained for the dual-
phase plate material. This work is considered to provide
a useful basis for the design of wideband monolithic com-
posite arrays and minimization of guided wave propagation
along the array substrate.

I. Introduction

Ultrasonic arrays, comprising a spatial distribution
of active piezoelectric elements, are now employed in

a wide variety of applications. The principle of operation
for such configurations has its roots in antenna theory and
the fundamental behavior has been very well documented
by, for example, Skolnik [1]. However, ultrasonic arrays are
quite different from their electromagnetic counterparts, in
that they involve motion of relatively small elements that
are very often in close proximity.

The structure of an ultrasonic array depends on the re-
quired mode of operation and the material from which the
array is manufactured. The most straightforward config-
uration is where the individual elements are created by
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the deposition of a suitable electrode pattern on a piezo-
electric substrate. However, monolithic arrays defined on
piezoelectric ceramic substrates demonstrate poor perfor-
mance in most imaging applications and mechanical dic-
ing is required to provide sufficient mechanical and electri-
cal separation. Alternative materials, such as piezoelectric
polymers, have much lower dielectric constants, thereby
reducing electrical cross talk. However, piezoelectric poly-
mer film transducers are normally employed at frequen-
cies well below the fundamental resonance of the film and
are much less efficient than their ceramic counterparts [2].
Moreover, mechanical cross-coupling between elements is
still problematic, along with the unwanted generation of
plate or Lamb wave modes, as illustrated by Bacon [3].
The more recent piezoelectric composite transducers can
be more sensitive over a broader bandwidth when com-
pared with the piezoceramics [4]–[7]. As illustrated by Hall
et al. [8], the introduction of a passive material, with a rela-
tively high mechanical loss and low dielectric constant, re-
duces some of the problems associated with cross-coupling,
although strong evidence indicates that significant inter-
element activity still takes place and the resultant beam
pattern degradation remains a problem for this important
class of devices.

Historically, much of the research into array cross talk
has been empirical, based largely around experimental in-
vestigation. Attempts to predict and assess cross-coupling
by analytical approximations have been less successful,
and have been validated for only a restricted range of
transducer designs. Many one-dimensional (1-D) and two-
dimensional (2-D) models have been reported for diced
array structures (see, for example, [9]–[11]), but in order
to achieve tractable solutions, they are restricted to lon-
gitudinal planar wave motion. The behavior of periodic
piezoelectric composite arrays is even more difficult to pre-
dict, due to the introduction of different phases within
the transducer. Again, analytical methods have been at-
tempted, with limited success. For example, Gururaja et
al. [5], [6] tried to predict wave propagation through a
dual-phase (ceramic and polymer) lattice via an analogy
with Bragg scattering in crystalline structures, with rea-
sonable success. More recently, Wilm et al. [12] employed a
plane-wave-expansion technique to predict dispersion data
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in simplified composite structures, while Auld and Wang
[13] considered wave propagation through planar layered
media for eventual estimation of stopband resonances. In
related work by Oakley [14], a 1-D theory was used to pre-
dict the stopband resonance frequencies in thin 2-2 piezo-
electric composite plates.

Arguably, finite element modeling offers the best route
for comprehensive evaluation of electrical and mechani-
cal cross-coupling in piezoelectric composite array systems.
This approach has been adopted by Zhou et al., in their
proposed electrical inversion technique for reduction of ar-
ray cross talk [15]. It is now known that a major source of
inter-element coupling in any array configuration is Lamb
wave propagation along the piezoelectric substrate, match-
ing layers, and bondlines. The Lamb waves arise from both
longitudinal and shear wave interaction within the con-
fines of a mechanical waveguide, such as the layer formed
by a piezoelectric plate, and may be predicted by analy-
sis of the dispersion characteristics for the guided system
[16]. If the array element pattern corresponds to the wave-
length of a strongly coupled Lamb wave mode, then the
cross-coupling between elements will be extremely severe,
the extent depending on the actual array design and con-
stituent materials. Moreover, since the array elements are
relatively small, each acts as a spatial line source capable
of generating several Lamb modes at any single operating
frequency, and these may propagate along the piezoelectric
substrate, the matching layer, and, in some cases, along
the bondlines. In 2-2 and 1-3 composites, the periodicity
of the piezoelectric material can give rise to very strongly
coupled Lamb waves, provided that the spacing and fre-
quency correspond to a specific guided mode within the
filler material.

This work employs the theoretical and experimental
methodology described in a companion paper [17] to in-
vestigate the Lamb wave dispersion properties of periodic
piezoelectric composite plate substrates. Specifically, time
domain finite element (FE) modeling was used to extract
surface displacement data in response to impulsive excita-
tion of the plate surface. Subsequent processing of the dis-
placement data in the Fourier domain permits extraction
of Lamb wave phase velocity as a function of plate thick-
ness and operating frequency. Corresponding experimen-
tal data were obtained through laser-induced mechanical
stimulation of the plate surface and optical measurement
of the resultant surface displacements using a scanning
laser interferometer. A key aspect of the present work is
to demonstrate that FE modeling can be used with confi-
dence to obtain accurate dispersion data for lossy hetero-
geneous polarized plates and also to explain the underlying
physical mechanisms that occur within periodic piezoelec-
tric composite substrates.

Two different piezoelectric composite array configura-
tions are considered. Mainly, a 2-D FE model is employed,
with the meshing and boundary arrangement shown in
Fig. 1. In some subsequent sections, this approach was
verified by implementing a full 3-D model and, where ap-
propriate, the results are shown for comparison purposes.

Fig. 1. The arrangement for 2-D FE modeling of a composite sub-
strate. Stimulation and detection points are indicated by the arrows
on the top surface.

Unless otherwise stated, the array coupons are subject to
air loading at the bottom and end faces, approximated
by mechanically free boundary conditions. The upper, as-
sumed radiating, face had either air or water loading, as
identified in the text.

This arrangement is applicable for 2-2 and 1-3 configu-
rations as long as the diagonal inter-pillar Lamb wave res-
onances of the latter, as described by Gururaja et al. [5],
[6] occur outside the frequency range of interest. Accord-
ingly, the piezoelectric composite substrates were manu-
factured to ensure that any inter-pillar resonant modes
were sufficiently far removed from the frequency band.
Specifically, this requires that the ceramic pillar aspect
ratio (i.e., the ratio of width to height) is sufficiently low
that the first inter-pillar resonance (i.e., that closest to the
thickness mode) is positioned at or above the second har-
monic of the thickness mode. The relevant details are pre-
sented in the text. The procedures outlined in Part I [17]
were then used to analyze two different composite devices.
First, a 7-element 1-3 composite array coupon, compris-
ing 45% PZT-5H as the active material, was investigated.
Second, a 2-D 35% volume fraction, 1-3 array coupon was
studied. Both devices incorporated the hard-setting epoxy
resin filler material described in Part I [17]. In each case,
new modes of vibration, introduced by the array element
aperture and periodicity, were identified and linked with
the dispersion data.

II. Lamb Wave Dispersion in 2-2 and 1-3

Composite Substrates

The first experimental data were obtained from a 1-
3 piezoelectric composite plate comprising 35% PZT-5H
and the hard-setting epoxy resin as the filler material.
The overall dimensions of the plate were 2.3 mm thick by
30 mm long and 30 mm wide. As detailed in Section III,
the substrate provided a fundamental thickness mode res-
onance at 620 kHz, and it was essentially unimodal in the
thickness dimension, with no evidence of inter-pillar modes
in the frequency range of interest. The measured and the-
oretical dispersion data for the composite plate are shown
in Fig. 2. Also included in the figure are two operating
loadlines relevant to the array configuration described in
Section III. For convenience, the horizontal axis is repre-
sented on a frequency scale.

For completeness, the FE sampling points embraced
both polymer and ceramic regions, although no discernible
difference between the sampling regimes was observed.
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Fig. 2. Theoretical and experimental dispersion data for the 35%
piezoelectric composite substrate: PZFlex data from polymer regions
only (circles), PZFlex data from alternate ceramic and polymer re-
gions (squares), experimental data (solid line), loadline correspond-
ing to an element spacing of 1.95 mm (long dashed line), and loadline
corresponding to an element spacing of 1.38 mm (short dashed line).

Three modes have been identified using the PZFlex model
(Weidlinger Associates, Los Altos, CA), corresponding to
the a0, s0, and s1 Lamb waves. Where it has been possi-
ble to obtain, the experimental data demonstrate excellent
correlation. Interestingly, the phase velocity of the Lamb
waves is generally lower than that of the corresponding
mode in the homogeneous polymer material as presented
in Part I [17]. This reduction in velocity is attributed to
the mass loading of the polymer by the ceramic phase at
the relatively long wavelengths under consideration. Even
at these lower frequencies, treating the composite as a uni-
form homogeneous medium, with density and velocities in
proportion to volume fraction, is not appropriate. More-
over, as frequency increases, all Lamb modes cut off, due
to scattering and reflection at the phase boundaries. This
behavior is strongly dependent on ceramic pillar pitch and
volume fraction, and is in agreement with the work pre-
sented by Oakley [14], which demonstrated the existence
of such stopbands in the dispersion data.

The second composite substrate to be evaluated had
identical dimensions and constituent materials, but with a
volume fraction of 70%. The resultant dispersion data are
shown in Fig. 3.

In this case it was possible to detect only the a0 mode
(theoretically and experimentally), and over this lower fre-
quency range, good agreement was achieved between the-
ory and experiment. The absence of symmetrical modes is
due to the combined effects of the method of stimulation
and the fact that at the higher volume fraction, the ceramic
pillar pitch corresponds closely to a stopband condition for
the composite substrate. Again, the a0 phase velocity was
slightly lower than that of the polymer, with mode cutoff
in the region of 0.25 MHz-mm.

Fig. 3. Theoretical and experimental dispersion data for the 70%
piezoelectric composite substrate: PZFlex data from a 3-D model for
polymer regions only (solid line), PZFlex data from a 3-D model for
alternate ceramic and polymer regions (squares), PZFlex data from a
2-D model for alternate ceramic and polymer regions (open circles),
and experimental data (solid circles).

Fig. 4. Different electrode arrangements used in the investigation.
The dotted line indicates the traverse of the laser vibrometer.

These results are encouraging. As stated previously, it
is impractical to perform laser generation and detection
experiments for every permutation of composite substrate.
The objective is to utilize PZFlex as a virtual prototyping
tool. The validity of that approach is now examined.

III. Extraneous Mode Generation in 1-3

Composite Arrays

A. 1-D Monolithic Structures

Consider first the 1-3 piezoelectric composite configu-
rations shown in Fig. 4. The plate dimensions are 35 mm
wide, 30 mm long, and 3.8 mm in thickness, with 45%
PZT-5H and the hard-setting polymer as the constituent
phases. The kerf width and pillar pitch were 0.23 mm and
0.7 mm respectively. The initial substrate had uniform
electrodes covering completely the top and bottom sur-
faces, as shown in Fig. 4(a). The electrodes were formed
by vacuum deposition of a layer of nichrome, followed by
a silver coating to provide an overall electrode thickness
of approximately 20 nm. This was assumed to exert negli-
gible influence on device behavior and was ignored in the
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(a) (b) (c)

Fig. 5. Theoretical and experimental impedance magnitude profiles for (a) the monolithic composite plate, (b) the single central element,
and (c) the center element of the 7-element array coupon.

FE modeling. After measurement on an impedance ana-
lyzer, the top electrode was removed and a single electrode,
1.9 mm wide and covering three ceramic pillar rows, was
vacuum-deposited in the center of the device, as shown in
Fig. 4(b). The process was repeated for the 7-element array
coupon, depicted in Fig. 4(c), where the center-to-center
element spacing is 2.8 mm.

The measured and theoretical impedance magnitude
profiles for each configuration are shown in Figs. 5(a)–(c).
Fig. 5(a) shows the impedance of the uniformly electroded
substrate, while the impedance of the central element only
is shown in Figs. 5(b) and (c). Excellent agreement be-
tween theory and experiment is observed, validating both
the modeling and the materials data.

It is apparent from Fig. 5(a) that the composite sub-
strate is essentially unimodal, with no evidence of inter-
pillar activity around the fundamental thickness mode res-
onance of 400 kHz. However, introduction of the single and
multiple elements has clearly resulted in the generation of
additional modes, some of which are in close proximity to
the main resonance. Moreover, reducing the spatial aper-
ture has also resulted in an apparent increase in the fun-
damental thickness mode resonance. The extent of this is
unclear, due to the influence of mode coupling. Subsequent
laser scans were performed at 450 kHz, the estimated fun-
damental resonance frequency of the thickness mode.

The influence of these modes can be demonstrated by
consideration of the surface displacements across the aper-
ture. With the single central element driven via a Hanning
windowed tone burst at 450 kHz, the laser vibrometer was
scanned across the aperture center line. The resultant mag-
nitude data with an air load are shown in Fig. 6. For con-
venience, the PZFlex data are superimposed, with good
agreement between theory and experiment.

It is apparent that significant particle displacement is
external to the area under the driven center element. In
this case the single center element is acting as a line source,
with its spatial frequency content determined by the width
of the element. Examination of the impedance magnitude
profile shown in Fig. 5(b) indicates the presence of modal
activity that was not evident for the uniform substrate.
These modes are caused primarily by the s0 Lamb wave,

Fig. 6. Theoretical and experimental magnitude of the surface dis-
placement across the aperture center for the single element coupon.

generated as a result of the reduced spatial aperture. They
are observed to impinge on the thickness mode, resulting in
the displacement pattern across the coupon. The multiple
element coupon, on the other hand, demonstrates addi-
tional modes, as shown in Fig. 5(c), that are introduced
primarily by the periodicity of the electrode pattern.

To assist interpretation, the FE model was then em-
ployed to predict the dispersion characteristics of the com-
posite substrate, and these are shown in Fig. 7.

Three modes have been identified, corresponding to the
a0, s0, and s1 Lamb waves in the substrate. The operat-
ing loadline corresponds to a line of constant wavelength,
defined by the array center-to-center element spacing of
2.8 mm, and is observed to intersect with the disper-
sion data at three frequencies, corresponding to 220 kHz,
540 kHz, and 620 kHz. The first of these is the a0
mode, which is only weakly coupled due to the symmet-
rical nature of the driving voltage used to determine the
impedance data shown in Fig. 5. The other frequencies
correspond to the s0 and s1 modes, respectively, and an
examination of Fig. 5(c) reveals that they are also apparent
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Fig. 7. The predicted dispersion characteristics for the 45% composite
substrate. The load line corresponding to the array element center to
center (c-c) spacing is shown as a dashed line of constant wavelength.

Fig. 8. The 2-D composite array coupon.

on the impedance magnitude at these frequencies. These
strongly coupled modes have been introduced by the ele-
ment periodicity and, for this example, are in close prox-
imity to the thickness mode. At the driving frequency of
450 kHz, the s0 mode is also quite strongly coupled and
this is responsible for the significant cross talk evident in
the laser scan data shown in Fig. 6. Despite the fact that
the dispersion data are derived theoretically, the correla-
tion with the impedance magnitude spectra is very high.

B. 2-D Monolithic Structures

In this case, the 2-D array coupon shown in Fig. 8 was
manufactured. The 35% piezoelectric composite substrate
was that described in Section II, with each electroded re-
gion covering a matrix of 3×3 ceramic pillars, each with a
width-to-height aspect ratio of 0.12 and thickness 2.4 mm.

In this case, a full 3-D finite element model of the sub-
strate, using 1/4 symmetry was implemented for presenta-
tion of the surface displacement patterns. The correspond-
ing electrical impedance magnitude of the center element
is shown in Fig. 9, along with corresponding experimental
data of the uniformly electroded substrate. For the bene-
fit of clarity, the PZFlex simulations have been omitted,
although good agreement was again obtained.

Fig. 9. Measured electrical impedance profiles of the uniformly elec-
troded 35% composite substrate and that of the center array element.
The former has been scaled by a factor of 100. Impedance of the com-
posite substrate multiplied by 100 is represented by the dashed line
and the impedance of the center array element by the solid line.

Apart from the obvious differences in scale, the
impedance profiles are quite different. Introduction of the
electrode pattern has resulted in a number of new vibra-
tional modes, with at least one encroaching on the funda-
mental thickness resonance. In that regard, the fundamen-
tal impedance minimum has been increased from 620 kHz
to 700 kHz, although this is likely to have been a conse-
quence of the strong modal coupling. The extent of such
interference may be illustrated by consideration of the sur-
face displacements across the array aperture. These are
shown in Figs. 10(a) and (b), corresponding to experimen-
tal and theoretical data, respectively. The center element
was driven at 700 kHz in air and the laser scanned across
the entire aperture to derive the out-of-plane magnitude
data. It is apparent that the adjacent elements are also
vibrating very strongly, and good agreement between the
two data sets may be observed.

To explain this behavior, it is necessary to investi-
gate the dispersion characteristics of the substrate. The
FE-derived data are illustrated in Fig. 2 in conjunction
with two loadlines of constant wavelength. For the doubly
periodic array under consideration, Lamb waves will be
reinforced at wavelengths corresponding to the adjacent
center-to-center spacing (d−1.95 mm) and along lines cor-
responding to the diagonal periodicity (0.707d−1.38 mm).
The intersection points that each line makes with the dis-
persion curves indicate the frequencies for potential Lamb
wave generation. From Fig. 2, these may be identified ap-
proximately as 350 kHz and 800 kHz for the center-to-
center wavelength and 540 kHz and 940 kHz for the diag-
onal wavelength.

Apart from the relatively weakly coupled a0 mode
around 350 kHz, these agree quite well with the modal
activity depicted in Fig. 9. In such a strongly coupled sys-
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(a) (b)

Fig. 10. Measured (a) and theoretical (b) surface displacement magnitude data across the aperture of the 2-D array coupon.

tem, it is difficult to determine the exact modal frequencies
from impedance data. However, the Lamb wave dispersion
crossing points are sufficiently close to substantiate under-
lying theory. For the array configuration shown, it is dif-
ficult to avoid Lamb wave generation over the frequency
range of interest. It is possible to alter pillar pitch and
array element spacing, but this will provide only partial
comfort over a narrow frequency zone. An alternative ap-
proach is to alter the filler material in order to damp down
the Lamb wave resonances. This is discussed briefly in the
following section.

IV. Conclusions

A method for estimating dispersion characteristics in
2-2 and 1-3 piezoelectric composite substrates has been
presented. Generally, there is good agreement between the-
ory and experiment, and the underlying assumption that
significant inter-element cross talk is due to Lamb wave
propagation in the substrates has been demonstrated. The
optical system used for the experimental derivation of the
dispersion characteristics was sensitive only to out-of-plane
motion and, as such, detects preferentially those modes
with significant out-of-plane displacement. However, more
sophisticated measurement systems are available for mea-
surement of in-plane vibration and these will be expected
to provide more comprehensive results.

The array coupons selected for assessment both demon-
strate strong modal coupling that is in close proximity to
the desired thickness mode. Examination of the dispersion
data reveals that for wideband operation, Lamb waves will
always be generated within the substrate and these will
degrade the array sensitivity and directional response. As
stated previously, it is possible to design the substrate such
that the frequency range of interest occurs within a stop-
band for the composite material. However, for truly wide-

Fig. 11. Theoretical and experimental magnitude of the surface dis-
placement across the aperture center for the single element coupon.

band systems, this has limited applicability and volume
fractions can be unattractively high. An alternative ap-
proach is to incorporate a filler material with high shear
loss, in the expectation that the Lamb waves will be suf-
ficiently damped. To illustrate this, an array coupon was
manufactured using the soft epoxy resin filler described in
Part I [17]. This coupon was designed to match the char-
acteristics of the device presented in the previous section,
to facilitate comparison. The measured and theoretically
predicted surface displacement data for the single central
element coupon are shown in Fig. 11.

A comparison with Fig. 6 indicates that Lamb wave
propagation has been significantly suppressed, but at the
expense of surface uniformity across the element aperture.
For the softer filler, the ceramic pillars are vibrating out
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of phase with the filler material. This is to be expected
for such a high Poisson ratio material, and the overall out-
come is to reduce array efficiency, although the directional
response will be improved. Such compromises must be con-
sidered carefully when designing high quality monolithic
composite arrays.
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